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ABSTRACT

In this paper, we consider online (sequential) portfolio selec-
tion in a competitive algorithm framework under transaction
costs. We construct a sequential algorithm for portfolio
selection that asymptotically achieves the wealth of the best
piecewise constant rebalanced portfolio tuned to the under-
lying individual sequence of price relative vectors where
we pay a fixed percent commission for each transaction.
Without knowledge of the investment duration, the algorithm
can perform as well as the best investment algorithm that
can choose both the partitioning of the sequence of the
price relative vectors as well as the best constant rebalanced
portfolio within each segment based on knowledge of the
sequence of price relative vectors in advance. We use a
transition diagram similar to that in [1] to compete with an
exponential number of switching investment strategies, using
only linear complexity in the data length for combination.

Index Terms— Bayesian learning, Adaptive signal pro-
cessing, Portfolio selection

I. INTRODUCTION

Investment from a competitive approach is an emerging
field in signal processing [2], although it has been exten-
sively investigated in information theory [3] and computa-
tional learning theory [4]. Here, the objective is to maximize
one’s invested wealth in a stock market with a finite number
of stocks with respect to a class of possible investment
strategies, i.e., the competition class. As an example, Cover
[3] introduced a game where the objective is to find a
sequential investment strategy which achieves the perfor-
mance of the best constant rebalanced portfolio. A constant
rebalanced portfolio (CRP) is an investment strategy that
keeps the same proportion of wealth among a set of stocks
from one investment period to other. It is shown that under
reasonable stochastic assumptions on the sequence of price
relatives [3], the portfolio selection model that achieves the
maximum wealth is a CRP. Suppose the market is modelled
by a sequence of price relative vectors ™ = x[1], ..., z[n],
x[t] € RT. The jth entry x;[t] of a price relative vector
x[t] represents the ratio of closing to opening price of the
jth stock for the tth trading day. An investment at day ¢
is represented by the portfolio vector b[t], b[t] € R’} and
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> i1 bj[t] = 1 for all t. Each entry b;[t] corresponds to
the portion of the wealth invested in the stock z;[j] at day
t. The achieved wealth after n investment periods is given
by [T, b" [t]z[t]. For a CRP blt] is fixed, i.e., b[t] = b,
for all investment periods, for some b. Then, the best CRP
is given by b* = argmaxy, [[;_, b" [t][t]. Obviously, this
portfolio b* can only be chosen in hindsight, i.e., one needs
to know the future. Cover’s sequential algorithm achieves,
to first order in the exponent, the wealth of the best constant
rebalanced portfolio from the class of all constant rebalanced
portfolios for any sequence of price relative vectors. This
basic framework is then extended to competition against the
best piecewise constant rebalanced portfolios in [2].

However, the market considered in [3] or in [2] is an
idealized market where there are no transaction costs, short
sales or investment on margin. Here, we extend the model
considered in [2] to include a fixed percentage commission
on each transaction. Clearly, keeping a constant rebalanced
portfolio in each segment and adjusting to a new portfolio
in every switch requires potentially significant trading. If
one starts with a capital of 1 dollars and invests with a
constant rebalanced portfolio b = [b1,...,bm]T, then at
the end of the first period, one has b;x; dollars in each
stock ¢ = 1,...,m, where x; is the relative price change
of the :th stock. Now, the new portfolio vector is given
by biz1/ Y ;(bixi), . bm@m/ >, (biz;)]T (which can be
significantly different than b) and must be adjusted to b
before the next trading. An extensive study of how this
trading could be optimally done for minimizing the wealth
loss due to commission is covered in [5].

We call algorithms (such as Cover’s algorithm) that
asymptotically achieve the performance of the single-best
algorithm (the best CRP) from a given class of algorithms
(class of all CRP’s) for any sequence of price relatives,
“static” universal algorithms, since the competition class
contains a fixed set of algorithms, and performance is
compared with the best, fixed element of the class. In
our previous paper [2], we extended the results for static
algorithms to a framework where the underlying competition
class includes the ability to switch (in time) among the
various static elements. We investigated this problem, when
each competing algorithm can divide the sequence of price
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relatives into, say, k segments and fit each with the best
static algorithm for that segment, such as a fixed constant
rebalanced portfolio. For k£ such transitions, there exist k+ 1
segments. The total wealth growth of a class member with
such a partition is the product of the wealth growth of
all fixed static algorithms associated with each segment.
The best partition is the one which gives the maximum
total wealth. In this paper, we seek to outperform all such
switching algorithms, simultaneously for any number of
possible switches, k, and include transactions costs.

For a given sequence of price relative vectors ™, a
competing portfolio selection algorithm with a transition
path 7;, with k transitions, represented by (1,...,%x),
partitions ™ into k+ 1 segments such that =" is represented
by the concatenation of

{z[1],...,2[t1 — 1]}.. . {=[t], ..., x[n]}.

Given n and k, there exist (”;1) such possible transition

paths 7 ,,. Given the past values of the desired price rela-
tives x[t], t = 1,...,n — 1, a competing algorithm assigns
a portfolio vector b; in each segment as B[t} = b; where
tiog <t<t,i=1,...,k+ 1. For simplicity we assume
to = 1 and t;4+; = n+ 1. Here, the competing class contains
all constant portfolios in each segment that have the same b;
for each sample of the sequence x[t] fort = t;_1,...,t;—1,
where each b; can be selected independently. This algorithm
will pay a transaction cost in each segment ¢ to rebalance
its portfolio to b; and at each transition to rebalance to the
next constant rebalanced portfolio b; ;1. We define the wealth
achieved by this algorithm as W°(x™ | By, 7y 5) including
COMMIssion costs Cgeyy and Cpuy, Where ¢ = Cseyp + Couy and
By, = [b1,...,bigt1].The wealth W€¢(x™ | By, 7x,) can be
significantly affected by transaction costs if ¢ is large.

In determining the best algorithm in the competing class,
we attempt to outperform all such portfolios, including the
one that has been selected by choosing the transition path
Ty, and the constant portfolio vectors b; in each segment
based on observing the entire sequence x™ in advance,
simultaneously, for all k. As such we try to minimize the
following regret:

s s T, WE" | B Tin)
u A~
2 we(zn | b)

where W¢(x" | b) wealth achieved by a sequential portfolio
assignment algorithm blt], i.e., b[t] may be a function of
x[1],...,z[t — 1] but does not depend on the future, 7, ,, is
any transition path representing (1, . . ., t;) with an arbitrary
number of transitions k. We will show that we can construct
a sequential portfolio selection algorithm for which the
logarithm of this regret is at most (k+ 1)(m — 1) In(n)/2+
kln(n) + kIn(1/(1 — ¢)) + O(k + 1) in the exponent for
any 7, k, ¢ or n and with no prior knowledge of 7j ,,,
k or n. We recognize the term (k + 1)(m — 1)In(n)/2 as
the parameter regret or additional loss due to the estimation

of the best constant portfolio in each of the k + 1 separate
regions and the term k In(n) as the transition path regret due
to not knowing the best transitions times and kIn(1/(1—c))
as the cost of switching portfolios at each segment.

For this switching framework, investment with transaction
costs is investigated in [8], however, when the underylying
static algorithms that can be chosen in each segment are
restricted to be pure strategies, i.e., strategies just invest in
one of the stocks. These results are not valid for CRP’s that
are optimized for each region. The results we present can
also be extended to this special case when we are restricted
to choose only from pure strategies. For this special case, our
bounds are also superior and we present the actual portfolio
selection algorithm instead of only its achieved wealth as in
[8].

The organization of the paper is as follows. In Section
2, we provide the main theorem of this paper as an upper
bound on the performance of the universal portfolio selection
algorithm. The construction of the algorithm and an outline
of the proof of the theorem are given in Section 3. Detailed
proofs without transactions costs and extensions of this
algorithm to switching with an arbitrary side-information
sequence are provided in [2].

II. PERFORMANCE RESULTS

The main results of this paper are summarized in the

upper bounds of Theorem 1. The corresponding universal
and strongly sequential portfolio selection algorithm is con-
structed at the end of the proof in Section 3.
Theorem 1: Let =™ = x[l],...,x[n] be an arbitrary
sequence of price relative vectors such that x[t] € RY for
all n and some components of x[t] can be zero. Then, for
all € > 0, we can construct sequential portfolios Bi [n] with
complexity linear in n™ such that for any ¢ = Csei + Cpuys
and for all n, k

. cln

sup We(z" | Bk, Tin)
bl,...,bk+1ERi"

ty,..t€{2,...,n}

RC[’I’L] = )
where W¢(z"|b,) is the wealth achieved by the universal
algorithm with commission, satisfies

1 e < (h+ R +on) : cn)

+kln(1/(§—c)) In(n)

for any Ty, representing transition path (t1,...,t;) and
any k, such that b, [t] does not depend on Ty, ,,, k or n.
Theorem 1 states that the logarithm of the regret of
the universal sequential portfolios b, [t] is within O((k +
1)In(n(1 + ¢))) of the best batch piecewise constant rebal-
anced portfolios with k transitions (tuned to the underlying
sequence in hindsight), uniformly, for every sequence of

price relatives ™ even under the transaction cost c¢. The
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theorem readily generalizes to the case when we compete
against a finite set of portfolios in each segment and portfo-
lios with side-information.

III. PROOF AND IMPLEMENTATION

Outline of Proof of Theorem 1: The proof of the theorem
closely follows [2], hence, we present only an outline. For
each possible transition path 7y ,, representing (¢1,...,%x)
with k transitions and data length n, we consider a family
of portfolios, each with its own set of constant vectors
By, = [by,...,bx1]T where each b; represents a constant
portfolio vector for the ¢th region. For each pairing of
T and By, we define the wealth of this algorithm as
We(x™ | By, 7y,n) with transaction cost ¢ = cgen +
Chuy- Given any 7j ,, the competing algorithm with best
constant rebalanced portfolios in each region assigns to x™
the largest wealth, ie., We(x" | Ty, By"). Maximizing
We(x™ | Tgm,Bi") over all Ti, (with k transitions)
yields We(z™ | 7%, Bi.") 2 supg, we(x™ | Tin, Br™).
We will demonstrate a sequentlal algorlthm which achieves
W(x™ | Bi*,T,n") given any k and n, and without a
priori knowledge of k£ or n. We will accomplish this result
using a double mixture approach. First we will demonstrate
an algorithm achieving the performance of the competing
algorithm with the best constant rebalanced portfolios in
each region given any 7, ., i.e, W(z" | 7;,, By). Then
we will show that a proper weighted combination of all such
algorithms over all 7, ¢ = 1,...,n, can be used to find
a sequential algorithm that will achieve W (z" | 7y",, By)
for any k.

For any given 7y, ,,, the wealth achieved by the algorithm
with the best constant rebalanced portfolios in each region,
W(x™ | Tyn, Bi"), can be asymptotically obtained by using
the sequential portfolio assignment algorithm [5] (which is
universal with respect to the class of all constant rebalanced
portfolios under transactlon cost), independently for each
segment, i.e., apply b ,[t] between time t;_; up to t;,

where 5;,7  [t] is the algorlthm from [5] with an mth order
uniform distribution, that uses the price relative sequence
starting from time ¢;_1 up to time ¢, ¢ < ¢;. In each segment
this universal algorithm achieves the performance of the best
constant rebalanced portfolio for that region with transaction
cost ¢. Hence given 7y ,, using 5;_1[15} in each segment
defines a sequential algorithm with achived wealth TW¢ (2" \
T,.n) However, we also need to account for the cost of
switching the portfolios at each of the transition times. At the
end of each segment ¢, we need to adjust the portfolio vector
i);f ,[ti — 1] to the uniform portfolio vector % for the start
of the next segment. For constant rebalanced portfolios in
each segment boundary, we need to adjust b; to b;;-; which
is already included in W¢(x™ | By, 7)) by definition.
Hence, we need to account for the difference between cost of
adjusting B;fl [t; — 1] to % in We(x" | Tp,) with respect
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to cost of adjusting b; to b1 in We(z" | By, Tgn) to
compare We(x" | Tp,,,) and W¢(x" | By, Tr..n). However,
at each transition time, even in the worst case to get an upper
bound, we can only loose c percent of our wealth while
adjusting b ti—1] to E in We(x" | By, Tr.) and no
loss for the constant rebalanced portfolios while adjusting
bi to bi+1) i.e., bz = bi+1, in Wc(m” | Bk,,]'k’n). Hence,
applying algorithm from [5] for each segment and further
reducing the wealth by In ((1 — c)k) (i.e., scaling down the
wealth by (1 — ¢) in the worst case per transition) results

In(We(x" | Trn)) > In {W(x" | By, Tin)} (1)
k+1

— Zln (1 + (1 + C)(tz - L‘ifl)) —In <(1—1C)k> + 0(1)

Hence given 7}, ,,, using IB:FI [t] in each segment defines a
sequential algorithm that asymptotically achieves the perfor-
mance of the algorithm with the best constant rebalanced
portfolio for each segment under transaction cost c. For
all 73, and k, we construct a similar sequential algorithm
yielding a total of 2"~ ! such sequential portfolio assignment
algorithms.

We then define a weighted mixture of the wealth achieved
by all such sequential predictors over all possible 7}, , and
k

n—1
2NN PO T) @)

k=0T,

with a suitable prior over the partitions 7y, ,,, P(7} ). For
any transition path 7 ,, the weighting (or the assigned
probability P(7; ) to each transition path) would be non-
negative and would satisfy >, Z’Tk n P(7y,n) = 1. Now
we have a total wealth achieved by the class of all possible
constant portfolios and for all possible transition paths. By
Equation (2), we can conclude that this achieved wealth
satisfies In W¢(z") > In P(7, n) +1n We(z | Ty,n), for
any transition path 7y ,,, since Wc( ™) > P(Tx, n)WC(w" |
Tin).

Clearly, the assigned probability or weight for 7} ,, di-
rectly contributes to the regret as In(P(7 ,,)) over the best
batch algorithm given any path. Hence, it is desirable that the
weight of the “best path” be assigned as large as possible.
This weight assignment should also be constructed so that
the overall weighting and the resulting portfolio assignment
algorithm can be sequentially computable. We will use a
weighting method based on the Krichevsky-Trofimov (KT)
weighting used in [1], [6], [7]. Using this assigned proba-
bility, we have, In P(7; ,,) < (k + €)In(n) + O(k) for all
e>0.

We now have a method of selecting portfolios that
achieves, to first order in the exponent, the same wealth as
that achieved by the best batch constant portfolios, for any
partition 7y,,. In this sense, W¢<(x") is a “universal” port-
folio selection method. It still remains to find a sequential



algorithm whose wealth assignment is as large as W¢(z"),
the wealth achieved by all sequential algorithms represented
in Equation (1) weighted by the corresponding P (7., ),
k=1,...,n.

We are now ready to find the actual universal port-
folio assignment algorithm. By definition W¢(x") =
Hn ~Wi(dﬁf’)

=l wg@e )
we observe that

If we look each term in the product closely,

n

Wu@) _fT i,

W (zn—1)
for a strongly sequential portfolio assignment algorithm
b, [t]. Hence, b,[t] is the required portfolio vector at each
time ¢. Nevertheless, in this form the sequential algorithm
b,[t] requires 2" different sequential algorithms to run
in parallel on the sequence of price relatives. We will
now demonstrate that this sequential portfolio assignment
algorithm can be calculated efficiently by using a linear
transition diagram, similar to that used in [1] (after assigning
appropriate weights to each branch).

At each time n, we divide the set of all possible paths
Tim, k = 1,...,n into n disjoint sets. We label each set
by a state variable s,, representing the most recent transition
of a corresponding path within the period 1 < ¢ < n such
that for any 7y, sn = tx. Given n, there can be at most
n states s, = 1,...,n. At time n, all transition paths with
the same last transition instant, ¢, = s, are represented by
the state s, = s. We then define WS (s, = s,x™) as the
achieved wealth of all sequential algorithms at state s,, at
time n. Here, W<(s, = s,x") is the weighted sum of all
the wealth achieved by the sequential algorithms as given in
[1] whose transition paths ended up at s,, = s; i.e., for all
paths 7 " such that the last transition was at s, = s

Wilsn=sa™ s Y P(THWee" | T).
T :sp=s

Since the states partition the set of paths 7y ,,, W<(z™) =
S, PMWe(" | T) = > e —1 Wi(sn, ™). From Prop-
erty (3), any efficient implementation of W¢(z") by com-
bining the certain paths in states can only improve the
performance due to occasional in trading. To obtain a closed

va(c:g*)l)’ we show that We(s, =
s,x™) can be calculated recursively by using the linear
transition diagram as in [1]. As such, state s,, represents the
most recent transition within the period 1 < ¢t < n. After
some algebra, it can be shown that [2], the final universal

algorithm is given as

form expression for

n—1

Bu[n] = Z

Sp—1=1

Nc(snfl)

~c 1
{Pt'r'(sn = Sp—1 ‘ Sn—l)b5"71 [TL] + Ptr(sn =n | Sn—l)a} .
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Stocks ¢=0.005 | ¢=0.005 | ¢=0.01 | ¢=0.01
CRP Witr CRP Witr
Ir&Kn 33.9 59.0 28.6 54.4
Co&Me 65.9 91.7 58.2 87.0
Fi&Me 25.2 33.1 22.5 31.8

Table I. Performance on historical stock pairs.

where 1 is a vector of size (m x 1) of all ones, B:n,1 [n] is
Cover’s algorithm that started at time s,,_; and the weights
1°(sp—1) are defined as

Wi _1(8n—1 =13, wnil)

S e (snm, Y

and are a form of performance-weighting for the states s,,_1.
Pir (S | Sn—1) are the transition probabilities from state
sn—1 to state s, that are needed to sequentially calculate
the path weights where P;.(s, | sn—1) will be different
depending on the weighting used for P(7j,). B

IV. SIMULATIONS AND CONCLUSIONS

We compare the performance of our algorithm on bench-
mark historical data. These stocks are collected over 25 years
ending in 1985. The data set includes stocks for Iroquois,
Kinark, Commercial Metals, Fisch and Meico. We present
the results in Table I, for ¢ = 0.005 and ¢ = 0.01. In the
table, wealth achieved by algorithm from [5] is displayed
under CRP and by our algorithm under Wtr, resulting after
1 dollar of initial investment. We have presented a strongly
sequential algorithm that can achieve the wealth of the best
piece-wise constant rebalanced portfolio chosen in hindsight
under transactions costs. This algorithm neither requires
knowledge of the number of piecewise constant regions, nor
the data length, yet asymptotically outperforms the best such
portfolios chosen with complete knowledge of the data.
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